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Hyers-Ulam-Rassias Stability of the Inhomogeneous Wave Equation

Prof. Maher Nazmi Qarawani

Abstract:

Inthis paper, we apply the Duhamel’s Principle
to prove the Hyers-Ulam-Rassias stability for
one-dimensional inhomogeneous wave equation
on an infinite homogeneous string with zero initial
conditions. We have also established the Hyers-
Ulam-Rassias stability of nonzero initial value
problem of the inhomogeneous wave equation for
an infinite string. Some illustrative examples are
given.

Keywords: Hyers-Ulam-Rassias
Wave Equation, Duhamel’s Principle.
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1- Introduction and Preliminaries

The study of stability problems for various
functional equations originated from a famous
talk given by Ulam in 1940. In the talk, Ulam
discussed a problem concerning the stability of
homomorphisms. A significant breakthrough
came in 1941, when Hyers [1] gave a partial
solution to Ulam’s problem. After that and
during the last two decades, a great number
of papers have been extensively published
concerning the various generalizations of Hyers
result .(see [2-10]).

Alsina and Ger [11] were the first
mathematicians who investigated the Hyers-Ulam

stability of the differential equation ' = g They

proved that if a differentiable function
y - I — R satisfies |y —y| <= =>0 for
all ¢t €I, then there exists a differentiable

ot

function g : [ — R satisfying g'(t) = a(t)

for any ;< 7 such that |g — y| = 3=, for all

t € I. This result of Alsina and Ger has been

generalized by Takahasi et al [12] to the case of
the complex Banach space valued differential

"=\
equation ¥ = V-

Furthermore, the results of Hyers-Ulam
stability of differential equations of first order
were also generalized by Miura et al. [13], Jung
[14] and Wang et al. [15].

Gordji et al. [16] generalized Jung’s result
to first order and second order nonlinear partial
differential equations. Lungu and Craciun [17]
established results on the Ulam-Hyers stability
and the generalized Ulam-Hyers-Rassias stability
of nonlinear hyperbolic partial differential
equations. Jung [18], Choi and Jung [19] had used
coordination substitution way and respectively,
the method of a kind of dilation invariance to
prove the generalized Hyers-Ulam stability of
wave equation. E. Bicer [20] applied Laplace
transform technique to establish the Hyers-Ulam
stability for the wave equation.

In this paper we consider the Hyers-Ulam-
Rassias stability of the nonhomogeneous

wave equation

%:agg +glrt) 0<t<mn, —n<T <, (11
with zero initial condition
u(r,0) =0 w(z0)=0 (1.2)
where u(z t) € ("Q[IR{ % (0,00)]-
Moreover we have proved sufficient

conditions for Hyers-Ulam-Rassias stability of
the inhomogeneous wave equation

52 )
o :agd—g Tgrt), 0<t<,
il

- LT 4N

(1.3)
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with nonzero initial condition
Uel)=ale) uel)=o) -v¢adn 14

whee 1) ¢ OQ]R i el R e

I

Definition 1 [21] We will say that the
equation (1.1) has the Hyers-Ulam-Rassias (HUR)

stability if there exists X > 0. ¢(e.1) RxE =R and for
each solution u(z.t) € C*(R x(0.~)) of the

inequality

|ty — Pty — g(2.2) |< p(2.2)

with the initial condition (1.2)  then there
exists a solution w(z.t) € C*(R % (0.~)) ofthe

(1.1) such that
et - e < Koo d), e eRx(0~), where % isa

equation

constant that does not depend on ¥ nor on

u(x,t). and «(x.f) € C(R x(0.~0)).

Definition 2 [21] We will say that the
equation (1.3) has the Hyers-Ulam-Rassias (HUR)

stability with respect to * >
K >0

if there exists

such that for each = and for each

u(z,t) € CX(R x (0,~))

solution of the

inequality

2

— 0 Uy — 9(Iﬂ | < T?{I- f)

| uy

with the initial condition (1.4)  then there
e - 2/
exists a solution (& 1) € C7(R X (0.2)) of the

equation (1.3) such that
|l u(z, t) — up(z, t) |[< Koz t), V(zr.t) € R x(0,~0),

where £ is a constant that does not depend on
¥ noron U, 1), and ¢(z.t) € C(R x (0,~)).

Now, to motivate the Duhamel method for
stability of the infinite homogeneous string in the
sense of Hyers-Ulam-Rassias we will consider the
following related problem

Fo ok

_:a —

ot o

C s —o<rdn (1.

[y
—_—

with initial condition

.8 =0, u(r.58 =015 1.6)

W ¢ - 2 )
where U(%-1) € O7[R x (0.20)].
Now, notice that the problem (1.5),(1.6) has

initial conditions prescribed at arbitrary time

t=s. rather than at t = 0- Thus we can rewrite

v(zr.t:s) = w(x.t — s:5) where w(z,t — s:.5)
solves the problem
Fu 0t ) \r
W:aw. f>8 —x<rdx (L7)
with initial condition
w(2,0:5) =0, w(z,0:5)= gla.s) (19)

where u(z. ) € OFR x (0.~

(Duhamel’s Principle for the wave equation
g(z.t) € C'(R) .

(1.1), see [22]) If in
rand C0.~) it then
t t
u(rt):fl(rf:s)dS:fu(rt—ss)ds
0 0
| t ata(t-s)
=% { o[r s)drds (19

2.0On Hyers-Ulam-Rassias Stability
for Inhomogeneous Wave Equation

First consider the HUR stability of the IV
problem (1.3),(1.4) of forced vibrations of a
homogeneous infinite string with zero initial
conditions.

Theorem1.11f /(%-175) € OZ[R > (0,~0)],

solves the homogeneous problem (1.7),(1.8),
u(z,t) € C?[R x (0,~)]

and there is a
function ‘f'ﬁ(‘r' ﬂ - RxR— E_’such that
i3
f f o(z. y)dyds < Ky(z.t) (21)
00
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thenthelVinhomogeneousproblem(1.1),(1.2) t

is stable in the sense of HUR. ty(1,) = | w(z,t - 5:5)ds (27)
Proof. Let «l(z.t)>0 and u(x.t) be an 0

approximate solution of the IV problem (1.1),(1.2) satisfies the problem(1.1).(1.2). Indeed Since

We will show that there exists a function y(z ¢) e 2 [R x (0,00)].

iffe tiate twi
4o(2.1) € C2[R x (0.0)] we differentiate twice,

satisfying the equation  successively with respect to t in order to obtain

(1.1) and the initial condition (1.2) such that r ,
| u(z,t) — uo(z.t) [£ Koz t) %ﬁo(x,f]:ﬂ[x.ﬂ:m ’wa(:c.t—&;.s-)d&: ’quf(:c.f—s;s)dﬁ 2§
For (1.1) let consider the inequality " 0
_._|:1;||ig—u:%—f"fJ'ﬂ < oinl) 03 B *
0 e e T = e [ t ot - ol

i

-

—Il|,|:f.-,fr."-:'1 L,::.l'-]—-z_.lﬂ.ﬂ‘.—IJ'y[;:,J.'ILEa—LEJuﬂu,dEu

u | u L =fed)+ uﬁum[x: il

< [oiz (4]
ﬂ this shows that “(%-) is a solution of (1.1).
By vime of (.7 azd s sl condiicn (1), we ke Theequations(2.7),(2.8)yield “(»0=0@d w(z0/=0
. . x respectively

. N (PRI .
—{..l.rJ'H.I‘{ e e

By D’Alembert formula, the solution of the

: — o problem (1.7), (1.8) is given by
A [l o
L( erit
Cr, eqnivakeatly 1 ‘
- Ills[s.a]ﬁ; e r‘.-—‘J'mz.']: AR J el - o) 'U}"J?,t) = ‘ g{'rj'ﬁ)d“ﬁ Qm]
[ ] X I J:-a‘
£ Ir,-..:.r s (4]
. Hee
Birre \
i)

,—J Jm,-z.‘—&:gws‘;: fw.[::.f.lsir— ri.:,hr,f—;:ﬂ-u R
it ] J

/] et = ’u[x_t—g;g]da:%’l | o

Ti=n '.':; nteg '.muglh.- Llqumllr}' t." ‘J'.ﬁ .'|||.".11't|n5|:J 1) we e .0 ﬂ; 0 :-c\'r‘-nJ
Gy t)s -ff,q’c‘._u]a’grda < yint) = ule0)- J-' J-.H.\,[\!‘.T-Sigf\}ﬂgi?
10 it )
Fa From (2.6) and (2.7) we infer that the IV
< f f ol s < Ol 1) problem (1.1), (1.2) is stable in the sense of HUR.
nn
To illustrate the obtained results we give the
Uz tha iirial corditios {1.2),1.5) to ebiain following example.
=Uplef] Zuls t)= jalnt-najhe St ) (8) Example 2.1 Let the following IV problem

' be given
Wow, we show that
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bty =
Ge0)=0 0=

Tocsabls e HUR syt s e ol
SRS ER LN !

1)
i

g (14 s ehlmiﬂ et 1 e st iy el

(¢ [ lw i
i
-0 <l "'(m-y)dgdsfaa(m i
10
One can show that
_ri, ‘ _1: ly '
%uﬂ-!iu-m@m-?x-y )
sashtanot (L0) (21
Nov el
dof)=¢" 01

e o .16 od (1. e

6 |

it |
1 I

Or sy bt € = | ad gl

fﬁ“%ﬂzfﬁ—fﬂ_ﬁlﬂ
I

T
=

0

Hence, the IV problem (2.12), (2.13) is stable
in the sense of HUR.

Now we will consider the HUR stability of
the IV problem (1.1), (1.2) of forced Vibrations
of a homogeneous infinite string with nonzero
initial conditions. For this purpose, we consider
the following related problems for stability of the
infinite homogeneous string in the sense of HUR.

*v Lo .

—=0—, t>5 -0<I{m (22)

ot Or o
with inital condition

rgg)=0 wlrss)= gz (22)

whete ofz ) € /R x(0ng).

Now, notice that the problem (2.21),(2.22) has nitial conditons piven atarbitrary ime
t=g msteadofat £= 0 Thuswe cantewette oz t5) = (e - o) where

ufz,t-55) solves the problem

(;;,ﬂ ’gmw trs -n<rdm 22)
with nital condition
0z, ke =0 wz, 0:.5-): 24 2.Y)
whete u(z,f) € G x (0,00 Now Jt () € 'R x (0,0]] bea soltion of IV
Problemn
%:azlf, t>s -0<I<m (229)
o O
with initial condition
ﬂ(ﬁﬂ;ﬂﬁﬂ(ﬂi o= 4

futetRiy)
Wﬂﬁ@ﬂWmMm

f

Ifﬁmmwm fifot

0

e s ot 1.5

thenthelVinhomogeneousproblem(1.3),(1.4)

1s stable in the sense of HUR.
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Proof. Let iz t) = 0 and w({x,t) be

an approximate solution of the IV problem
(1.3),(1.4). We will show that there exists a

function (=t €C R x (0,00)] satisfying

the equation (1.3) and the initial condition (1.4)
such that

| u(z,t) — ug(2,1) |< Ky(z,1)

First we make a substitution
ulz,t) € C*[R = (0,00)]
IVP (2.25),(2.26).

where

is a solution of

Consider the following inequality associated
with Eq. (1.3)

Fu i
Al - gl <ol W
I R
By ntesration (1.27)with respeet o £, we have
-k <u{af- e )- e fio- e
! o !
t
< ‘ o os 22
o
By using (2.28) and the substitton
tat)= pef)+ o) i
e obtan
‘@[ Lofis <ulnf)- e 0)- ‘lLIU s - ’ (o, 5)
o ) i
#\s\ fl
H u’ﬁ(ﬂff-y;y)dyds:J@(M)dﬁ- (240
0 o
Now, inview of the following
f te
2 ’ I o)fs + ’ ’ {2 - y)dyds
0 i

we get

! f

*[zJ*—jfzyJa» Cufet]-ulzl) - f(mda
0o 0

1 H

ij }dgﬂs*”*u dyds < Cpla

0
Using (2.30) and (129) ollows that

i
~Oolef) < ulz.t) - ple,0s) - wfe,0a) - f W2, 0)d
u

; f f et - saldsdt < Ol f),

00
Now, we show that

e )= f {5, 0)ls + fw(m.t—sra)ds =
! u
H

i 4 [ufet- oo 131)
!
satsie e proben(1.3)(1.4) nded Since (2 ) & 0" x 0], e dfeentte
tvice (2.31), successively wifh respectfo £ to obtain
L ] ’
i S TPV
3fH( - g 4 e JJ‘ u(.r.[kt;+[wf[s.t—s.5)ﬂs+;q[m.tj

i

= fw,- wt-soistpiet) (23

:
i

!
and |
;;;u(z.ﬂ:m fﬂu[ﬁ,t—sudﬂrpf(ﬂ}“
" 0

=45 0]+ f Us(e, - 0+ 2.1
!
= flf)+ (st e f)= st o,
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This shows that (%) is a solution of (1.3).
From (2.32) and the initial condition (2.26) it

up(2,0) = a(z) and wu,(2,0) = 3(z),

follows that respectively.

By virtue of (2.31) and applying D’ Alembert
formula to (2.25) and (2.26), the solution of
equation (1.3) is given by

ETH

! [ s

hitd= [alo ot | 8o lat] 1
1

ot al
-]—J f gl inds 123

Deaff o)

Thpelis, (e soluivon (233 of e TV protden {1314 15 siable w (e e ol HUE

Fzample .27 #t b prven
Mot =r-f M)

ufe 0 = o e D= 1= 2 1)

Applyuy e v sowomuen, v m Theuranws 212 3 we chlam
Wt = J'u,u.r sl | e,
e

H H ]

. " |

Jr'.\f'.‘—.:'r.uo‘.* - J Jrlr—-.rflr"f.d.f _3*-:..'-—?‘5'
n i

iz the selviion equatiza (2 31) itk eomzspocding zare initfal eonditon:

el =0 52l=0

and
et =41 =1)t

1 veduitenr o IV Protdens

P L

.Jf:raﬁf. ive, Werim

i i
with it condision

prlel=e pels= 1-%

Teem b {23, e e fhe sl o o 13 ['rehlem {2734 115%)
I 1
iig 4 = NI
Wiet=2 1l ol fa i
Une con ooy vesify thet sutinl condition(2 307 satizfies
Nowlel sl =", len fom (2 10mk =1, we g

i
e dt Lzt - T T
e ' T
L]

(1.36)
S T
i
By iffaeatinzg the inequality (2.36) rwice with respoct 12 ¢, we find
R IR R (237

Thesetn, the inequalines (2.36),2.37) at the IV problem (2.3410233) in siable n the

Therefore, the inequalities (2.36), (2.37)

that the IV problem (2.34),(2.35) are stable in the
sense of HUR.

Remark It should be noted here that it follows

easily that the solutions (2.11), (2.33) are unique.
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