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Abstract:
In this paper, we apply the Duhamel’s Principle 

to prove the Hyers-Ulam-Rassias stability for 
one-dimensional inhomogeneous wave equation 
on an infinite homogeneous string with zero initial 
conditions. We have also established the Hyers-
Ulam-Rassias stability of nonzero initial value 
problem of the inhomogeneous wave equation for 
an infinite string. Some illustrative examples are 
given.

Keywords: Hyers-Ulam-Rassias Sability, 
Wave Equation, Duhamel’s Principle.

ملخص:
ديوهامل  مبد�أ  الباحث  ا�ستخدم  البحث،  هذا  في 
لحلّ  هيري�س-�أولام-را�سي�س  بمعنى  ا�ستقرار  لإثبات 
ولا  متجان�س  وتر  عبر  المتجان�سة  غير  الموجية  المعادلة 
نهائي، عندما تكون ال�شروط  الابتدائية �صفرية. ولقد �أثبت 
ا الا�ستقرار للمعادلة الموجية غير المتجان�سة عبر وتر  �أي�ضً
متجان�س ولا نهائي، عندما تكون ال�شروط  الابتدائية غير 

�صفرية. وجرى دعم النتائج ببع�ض لاأمثلة التو�ضيحية.
هيري�س- بمفهوم  الا�ستقرار  المفتاحية:  الكلمات 

�أولام-را�سي�س، المعادلة الموجية، مبد�أ ديوهامل.

1- Introduction and Preliminaries
The study of stability problems for various 

functional equations originated from a famous 
talk given by Ulam in 1940. In the talk, Ulam 
discussed a problem concerning the stability of 
homomorphisms. A significant breakthrough 
came in 1941, when Hyers [1] gave a partial 
solution to Ulam’s problem. After that and 
during the last two decades, a great number 
of papers have been extensively published 
concerning the various generalizations of Hyers 
result .(see [2-10]).

Alsina and Ger [11] were the first 
mathematicians who investigated the Hyers-Ulam 
stability of the differential equation   They 
proved that if a differentiable function  

 satisfies    for 

all   then there exists a differentiable 

function   satisfying   

for any   such that   for all  

 This result of Alsina and Ger has been 
generalized by Takahasi et al [12]  to the case of 
the complex Banach space valued differential 
equation   

Furthermore, the results of Hyers-Ulam 
stability of differential equations of first order 
were also generalized by Miura et al. [13], Jung 
[14] and Wang et al. [15].

Gordji et al. [16] generalized Jung’s result 
to first order and second order nonlinear partial 
differential equations. Lungu and Craciun [17] 
established results on the Ulam-Hyers stability 
and the generalized Ulam-Hyers-Rassias stability 
of nonlinear hyperbolic partial differential 
equations. Jung [18], Choi and  Jung [19] had used 
coordination substitution way and respectively, 
the method of a kind of dilation invariance to 
prove the generalized Hyers-Ulam stability of 
wave equation. E. Biçer [20] applied Laplace 
transform technique to establish the Hyers-Ulam 
stability for the wave equation.

In this paper we consider the Hyers-Ulam-
Rassias stability of the nonhomogeneous

wave equation

 with zero initial condition

 where    
Moreover we have proved sufficient 

conditions for Hyers-Ulam-Rassias stability of 
the inhomogeneous wave equation
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with nonzero initial condition

 Definition 1 [21]  We will say that the 
equation (1.1) has the Hyers-Ulam-Rassias (HUR) 
stability if there exists   and for 
each solution    of the 
inequality   

with the initial condition (1.2) 

,
 then there 

exists a solution   of the 
equation (1.1) 

,
 such that  

   where    is a 

constant that does not depend on   nor on 

 and   

Definition 2 [21]    We will say that the 
equation (1.3) has the Hyers-Ulam-Rassias (HUR) 
stability with respect to   if there exists 

 such that for each  and for each 

solution   of the 
inequality   

with the initial condition (1.4) 

,
 then there 

exists a solution   of the 
equation (1.3) 

,
 such that  

 
where    is a constant that does not depend on  

 nor on  and   

Now, to motivate the Duhamel method for 
stability of the infinite homogeneous string in the 
sense of Hyers-Ulam-Rassias we will consider the 
following related problem

with initial condition

where  

Now, notice that the problem (1.5),(1.6) has 
initial conditions prescribed at arbitrary time  

 rather than at   Thus we can rewrite  
  where    

solves the problem

(Duhamel’s Principle for the wave equation 

(1.1), see [22] )    If   in

 2. On Hyers-Ulam-Rassias Stability
for Inhomogeneous Wave Equation

First consider the HUR stability of the IV 
problem (1.3),(1.4) of forced vibrations of a 
homogeneous infinite string with zero initial 
conditions.

Theorem 1.1 If   
solves the homogeneous problem (1.7),(1.8), 

  and there is a 

function such that 
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then the IV inhomogeneous problem(1.1),(1.2) 
is stable in the sense of HUR.    

Proof.  Let   be an 
approximate solution of the IV problem (1.1),(1.2) 

.
 We will show that there exists a function  

 satisfying the equation 
(1.1) and the initial condition (1.2) such that 

For (1.1) let consider the inequality     

satisfies the problem(1.1),(1.2). Indeed Since  

 we differentiate twice, 
successively with respect to  t  in order  to obtain 

this shows that   is a solution of (1.1).
The equations (2.7), (2.8) yield   
respectively 

.
 

By D’Alembert formula, the solution of the 
problem (1.7), (1.8) is given by

From (2.6) and (2.7) we infer that the IV 
problem (1.1), (1.2) is stable in the sense of HUR.

To illustrate the obtained results we give the 
following example.

 Example 2.1 Let the following IV problem 
be given
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One can show that 

Hence, the IV problem (2.12), (2.13) is stable 
in the sense of HUR.

Now we will consider the HUR stability of 
the IV problem (1.1), (1.2) of forced Vibrations 
of a homogeneous infinite string with nonzero 
initial conditions. For this purpose, we consider 
the following related problems for stability of the 
infinite homogeneous string in the sense of HUR.

with initial condition

then the IV inhomogeneous problem(1.3),(1.4) 
is stable in the sense of HUR.    
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Proof.  Let  be 
an approximate solution of the IV problem 
(1.3),(1.4). We will show that there exists a 

function   satisfying 
the equation (1.3) and the initial condition (1.4) 
such that 

First we make a substitution  

 where  

  is a solution of 
IVP (2.25),(2.26).

Consider the following inequality associated 
with Eq. (1.3)   

we get 
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This shows that   is a solution of (1.3). 
From (2.32) and the initial condition (2.26) it 
follows that   respectively.

By virtue of (2.31) and applying D’ Alembert 
formula to (2.25) and (2.26), the solution of 
equation (1.3) is given by

Therefore, the inequalities (2.36), (2.37) 
that the IV problem (2.34),(2.35) are stable in the 
sense of HUR.

Remark It should be noted here that it follows 
easily that the solutions (2.11), (2.33) are unique.

References
1.	 D. H. Hyers , On the stability of the linear 

functional equation, Proc. Natl. Acad. Sci. 
U.S.A., vol. 27,(1941), pp. 222-224.

2.	 T. M. Rassias, On the stability of the linear 
mapping in Banach spaces, Proc. Amer. 
Math. Soc., vol. 72, no. 2, (1978), pp.297-
300.

3.	 P. Gavruta , A generalization of t he Hyers-
Ulam-Rassias stability of approximately 
additive mappings, J. Math. Anal. and Appl., 
vol.184, no. 3 ,(1994), pp. 431-436.

4.	 S. M. Jung, On the Hyers-Ulam-Rassias 
stability of approximately additive mappings, 
J. Math. Anal. Appl.204,(1996), pp. 221-226.

5.	 S. M. Jung, Hyers-Ulam-Rassias Stability 
of Functional Equations in Mathematical 
Analysis, Hadronic Press, Palm Harbor, 
USA, 2001.

6.	 T. Miura, S.-E. Takahasi, H. Choda, On 
the Hyers-Ulam stability of real continuous 
function valued differentiable map, Tokyo J. 
Math, 24, (2001), pp. 467-476.

7.	 C. G. Park, On the stability of the linear 
mapping in Banach modules, J. Math. Anal. 
Appl.275,(2002), pp. 711-720.

8.	 C. G. Park, Homeomorphisms between 
Poisson JC*-algebras,Bull. Braz. Math. Soc., 
vol. 36, no. 1 , (2005), pp. 79--97.

9.	 C. G. Park, Y.-S. Cho and M. Han, Functional 
inequalities associated with Jordan-von 
Neumann type additive functional equations, 
J. Inequal. Appl., vol. 2007(2007),13 pages, 
Article ID 41820.

10.	 K .-W. Jun, Y. -H. Lee, A generalization 
of the Hyers-Ulam-Rassias stability of the 
Pexiderized quadratic equations, J. Math. 
Anal. Appl. , vol. 297, no. 1, (2004), pp. 70-- 



8

Hyers-Ulam-Rassias Stability of the Inhomogeneous Wave Equation Prof. Maher Nazmi Qarawani

86.

11.	 C. Alsina, R. Ger , On some inequalities and 
stability results related to the exponential 
function, J. Inequal. Appl. 2, (1998), pp 373-
380.

12.	 E. Takahasi,T. Miura, and S. Miyajima, On 
the Hyers-Ulam stability of the Banach 
space-valued differential equation   
, Bull. Korean Math. Soc., vol. 39, no. 2, 
(2002), pp 309--315.

13.	 T. Miura, S. Miyajima, S.-E. Takahasi, A 
characterization of Hyers-Ulam stability of 
first order linear differential operators, J. 
Math. Anal. Appl.286,(2007), pp. 136-146.

14.	 S. M. Jung, Hyers-Ulam stability of linear 
differential equations of first order, J. Math. 
Anal. Appl.311, (2005), pp. 139-146.

15.	 G. Wang, M. Zhou and L. Sun, Hyers-Ulam 
stability of linear differential equations of 
first order, Appl. Math. Lett., 21, (2008), pp 
1024-1028.

16.	 M. E Gordji, Y. J. Cho, M. B. Ghaemi and B. 
Alizadeh, Stability of the exact second order 
partial differential equations, J. Inequal. Appl 
.(2011) Article ID: 306275.

17.	 N. Lungu and C. Craciun: Ulam-Hyers-
Rassias Stability of a Hyperbolic Partial    
Differential Equation, ISRN Math. Anal., 
Volume 2012(2012), Article ID 609754,10 
pages, doi:10.5402/2012/609754/

18.	 Soon-Mo Jung, On the Stability of 
One-Dimensional Wave Equation, The 
Scientific World Journal, vol. 2013, Article 
ID 978754, 3 pages, (2013). https://doi.
org/10.1155/2013/978754.

19.	 G Choi, S-M Jung, A Dilation Invariance 
Method and the Stability of  Inhomogeneous 
Wave Equations, Mathematics 2019, 7(1),70; 
https://doi.org/10.3390/math7010070.

20.	 E. Biçer, Hyers-Ulam Stability for the Wave 
Equation, Karaelmas Fen ve Müh. Derg, 
8(1):264-267, 2018, http://fbd.beun.edu.tr, 
DOI:10.7212%2Fzkufbd.v8i1.1013.

21.	 S. M. Jung, On the Hyers-Ulam-Rassias 
stability of approximately additive 

mappings’, J. Math. Anal. Appl.204 (1996) 
, pp. 221-226.

22.	 L. C. Evans, Partial differential Equations, 
Second Edition, Graduate Studies in 
Mathematics, V19 AMS, 2010.




