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This equation can be written

dz' Oy 50\ k K
Z (TT;Ca k, I+ T; o ) )dpj ANdp Ndpj =0 (21)
i,7,5" K,k 1 7!

This equality is satisfied if and only if the coefficients satisfy the following sym-
metry conditions:
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Using the fact that T;/T) = )\i)\k and dividing by T;T}, we get the desired
conditions. This concludes the proof. W

We can check easily that conditions (18) imply both (a) and (b) in theorem 1.
If we take i = k = k' then (18) is equivalent to (a) and when ¢ = k then (18) is
nothing but (b). Moreover, the conditions we obtained above imply the Slutsky
conditions in the single constraint case and the conditions given in Alogeili [1]
using the homogeneity properties of x and the budget constraint(s) Pz = y.

5 Possible applications of the results

In an important article published in the late nineties, Browning and Chiappori
[3] tested the individual demand function model econometrically. For the first
time they got positive results regarding the validity of the Slutsky relations. In
their article, they used data collected in different provinces of Canada. Browning
and Chiappori have shown that Slutsky relations, zero-homogeneity and Walras
law fully characterize the individual demand function. Moreover, they setup a
model for household and validated it econometrically.

In a similar way, the results we got here can be tested econometrically. The
demand functions depend on prices and income which are known variables and
individual demands are observable. The problem in this kind of econometric
test is that we cannot put the people in laboratory conditions. Indeed, we need
to observe their normal behavior in the market. The solution to this problem
is to consider a large country such as Canada in which prices change between
provinces because of different tax regimes. This is indeed the procedure that
was adopted by Browning and Chiappori.
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Theorem 2 Let x(P) € R™ be a function of class C? in a neighborhood U of
some point P € R and satisfying Px = 0 and homogeneous of degree zero in
p* for all i < m. Then there exist some functions V and m positive functions
A1, ..y A defined on some neighborhood V C U such that

ov

_ = -\
ap; !

if and only if there exists a family of positive functions \;x, satisfying condition
H, defined on V such that

TP = n TV (17)
oxt . oxd oxd . oxl’ o’ oxt
2l — ot (5w — S 27) 4+ A (2t — s—aT)
opt; ol Ip; opt " op; Op;

ik (5 — )1 + Ay ———a? ' =0 (18)
! 8p§, apf ! 8p§-
where A\, = ))\‘—; Moreover, V is quasiconvex with respect to p* for all i if and

only if the restriction of Dyix on {z}* is negative semidefinite.

Proof: The first conditions are the necessary ones. It suffices to show that the
second ones are equivalent to

QI aQii Mt = 0

To simplify notations, we omit the superscripts of T; and T}. In fact, since the
quotient in (16) doesn’t depend on 7, j', 1,1’ then the calculation is the same for
any j,j’,1,1'. We can also forget % because the exterior products are invariant

for such changes. We thus need to find the conditions such that

QAdQ=0 (19)

Q= Zlel

where

and

dQ =" Tidw* + > dT} A"
k k

Therefore, 2 A dS2 = 0 takes the form

TThw' Adw® + > TidTi Awb Aw' =0 (20)
i,k=1 i,k=1

5
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Notice that the tensor T is symmetric with respect to the indices jI. We get
the following relation between \; and Aj for any ¢ and k

j_gj/jl/
Set k = ko for some ko € {1,...,n}, we can express \; Vi as a multiple of A, .

Tilj/jl/
Take ko = 1. The decomposition dV = -3, Aiw® then writes down

A

BT

ST W 1<, L1 <n (12)

i

We define, V1 < j,5',1,1' < n, the 1-form

Ry 1 T} .
u 15 jl
I o STV (13
T3 i
Our problem now boils down to finding the necessary and sufficient conditions
such that

—Alldv - Tfﬂl” ;Ti”/ﬂ/wi V1<, 00 <n (14)
Which is equivalent to
Aildv =M 1< g1 <n (15)
Notice that since o
f}il - 3= (16)

Then the quotient on the left doesn’t depend on 7,j’,1,I’. Using Frobinus’
theorem, it follows that

)\idV = Q7' if and only if QI A @it = g

1

The functions \;; defined above have the following homogeneity properties:
Condition H:

The function A, for any i # k, is homogeneous of degree —1 in p’, of degree 1
in p* and of degree zero in p*', for all ¥’ # i and k' # k.

Now we are able to give the necessary and sufficient conditions for mathematical
integration.
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Taking the exterior derivative and multiplying by w! A ... A w™, we get

Z)\idwi/\wl/\.../\wmzo (6)
i=1

Writing dw® explicitly and substituting for w?!, ...,w™, the above equation writes
down

ox? oz’ ; Wi
Ni—— — Apo—— | dp® A dpt A o atmdpl A Adp™ =0 (T
> ( oo ap;.> pi A dp) Z a’ . atmdp;, Py (7)
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Rewrite this equation as follows:
ox? 0z g ‘ . .
Z)\i( .)J;Jdpf/\dp;-/\dp},/\l"l

opi  Op’
04,41 P P;

9 oz iU g i k k ik
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where I is the (m — 1)-form defined by
Tl = 2w A AW A Aw™
and A% is the (m — 2)-form given by
AP = 2 A ADA L AR AL A W™

where the hat means that the corresponding 1-form is not included in the prod-
uct. The first summation gives conditions (a), while the second one gives con-
ditions (b). W

The signs in the formulas of I'* and A% come from the permutations applied on
the product w! A ... Aw™ in order to get equation (8). The conditions given in
theorem1 are necessary but not sufficient. In the next section we give the neces-
sary and sufficient conditions for both mathematical and economic integration.

4.1 The sufficient conditions

Now, we want to find the sufficient conditions for mathematical integration. The
necessary conditions enable us to get relations between the functions Ay, ..., A\s,.

Define the tensor T/ " Such that (b) writes down
)\ing/”/ = )\kTZ.lj/jl/ 9)
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We define a family of 1-forms
wt = Z e dpé (4)
J
Therefore, relations (3) and (4) imply that
av =-> Aw' (5)

Our problem now can be formulated as follows: What are the necessary and
sufficient conditions for the existence of m + 1 functions V, A1, ..., A, satisfying
(5). This is the mathematical integration problem in our setting. One can easily
get some necessary conditions. Using the first order conditions D,:V = —\;x,
we conclude that the following conditions hold, for all ¢ and &, on the subspace

{z}+:
(i) The n x n matrix D,z is symmetric and negative semidefinite.

(ii) For any ¢ and k, the matrices D,z and D,z are proportional; that is,
Xi(Dpex) = A (Dpix).

The following theorem rewrites conditions (i) and (7i) in a more explicit way:

Theorem 1 Let z(P) be the solution of problem (P) and X\ = (A1, ..., \p,) be the
corresponding Lagrange multipliers, then x and \ satisfy the following necessary
conditions:

(@) Yi=1,...,m

j ! k j , ! k
* &zzi B 8:Ei L &Ei 3 Gxi 4 <6a7i 3 &Ui) —0 VikL
Op; apj apj op;, op;, Op;

(b) V1<ik<m, 1<j,5,1,I! <n.

81’j gl 83?j -/ 8951/ ; ﬁxj, P
i —kx] 2t — kx] 2+ kxjajl— kx]xl =
8pl apl/ apl/ 8pl

03:l gt al‘l/ - 81‘1, : (%:l -
A ol gt — gl gt —adrt — —aia
op} op; opt, opj

Proof: Let x be the solution of problem (P). So we can define the 1-forms
wl,...,w™ asin (4). Let V be the value function of problem (P), then

dV = — i )\iwi
i=1
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It follows that the above equality is satisfied if and only if

! (ax]—axk>+xk <8x1_8x]>+xj <6xk_6x’>20 (2)
Opr  Op; dp;  Op; opi  Opy

These are the necessary and sufficient conditions for mathematical integration.
This means that for given C? function x(p), there exist two functions V and
A satisfying (1) if and only if x satisfies (2). Notice that, from equation (1),
the restriction of D,z to {z}* is symmetric and positive semidefinite since V'
is quasiconvex. This is exactly the meaning of conditions (2).
It is important to notice that the conditions given in (2) are necessary and suffi-
cient for the existence of V' and A such that D,V = —Az. On the other hand, in
order for V' to be quasiconvex and A > 0, it is necessary and sufficient that the
restriction of D,z to {z}1 be negative semidefinite using the convex Darboux
theorem, [8].
In the next section we will always assume, to simplify notation, that 1 <
kK <mand1<j 7 01 <n.

4 The multi-constraint case

Now, we consider the following problem

max Ul(x
(P){ PxS(O)

Our goal is to find the conditions satisfied by the solution to this problem. We
suppose that all entries of the m x n matrix are strictly positive and that m < n.
We introduce, as we did above, the value function of this problem

V(P) = max{U(z) — Z)\i Zp;a:]}

One can easily show that V is quasiconvex and homogeneous of degree zero with
respect to p?, where p’ is the ith row of the matrix P.
Let z(P) be the solution of problem (P) and A(P) = (A1 (P), ..., \m(P)) € R,
be the associated Lagrange multipliers corresponding to the m linear constraints.
We assume that the solution x(P) satisfies the equality constraints Pz(P) = 0.
It is homogeneous of degree zero with respect to p?, for all i. Moreover, for any
i, \; is homogeneous of degree —1 with respect to p' and homogeneous of degree
zero with respect to p* for all k # i. Differentiating V with respect to pé., we
get

ov

o= )\ 3
o (3)
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3 The single constraint case
We study firstly the single constraint case. So, we consider the problem

max U(x)
p.x <0

where , p € R, is the vector of prices and U is the utility function that is
of class C® and strongly quasiconcave?. Introduce the value function, or in

economic terms the indirect utility function
V(p) = max{U(x) — Ap.z}

where A is the Lagrange multiplier. The assumptions on U implies, using the
implicit function theorem, that the solution to this problem z(p) and the asso-
ciated Lagrange multiplier A\(p) are of class C2. We assume that the solution
x(p) € R™ satisfies p.z(p) = 0 and that A > 0. Notice that both of V(p) and
x(p) are homogeneous of degree zero. Deriving V' with respect to p, we get

191% -
Opi B

Azt i=1,..,n (1)

Define the the differential 1-form
w= Z ztdp;

Equation (1) implies that

%dV(p) =w

This means that the 1-form w is proportional to the differential of some function.
It follows that
wAdw=20

where dw is the exterior derivative of w and is given by
oxk
dw = —dp; Nd
Z oy 23 N
gk
and A is the exterior (wedge) product. Then
k

;,0x
w/\dw:Zm ?dpi/\dpj/\dpkzo

igk 0PI

2The Hessian matrix of U is negative definite on the subspace orthogonal to its gradient
at each point.
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can rationalized by means of some direct utility function U. This problem was
addressed in [5] by Chiappori and Ekeland in the single constraint case. For the
multi-constraint case, as in Alogeili [1], it is impossible to retrieve a quasicon-
cave direct utility function. However, we can define a class of functions that is
stable under duality, see Epstein [4]. However, we focus our attention here on
the necessary conditions.

All our analysis and results hold locally since we mainly depend on the local
version of Frobenius’ theorem!. So, all functions are defined in a sufficiently
small neighborhood of some given point P.

In the next section we give some economic problems that motivates our re-
search. We then discuss the single constraint problem and finally we consider
the multi-constraint case.

2 Economic Motivation

Suppose that a consumer has a utility function U, and faces prices p € R} .
His problem is to choose the consumption (normal) bundle that maximizes his
utility among those which are affordable. We suppose that his income is the
market value of an initial endowment w € R’}. Mathematically, the consumer
objective is to solve the following optimization problem:

max U(x)
p.x < p.w

Let z = x — w be the individual excess demand where x is the actual demand
function. Then the above problem writes down:

max U(z + w)
p.z2 <0

This problem can be extended easily to the multi-constraint case. Let P be an
m X n matrix whose rows represent the market prices prevailing in m possible
states of nature. Suppose that the consumer has a vector of endowments w
that is, of course, independent of the states of nature (he has w now before the
realization of any of the states of nature). The consumer’s problem, in this case,

writes down:
max U(x)
Px < Pw

Rewriting this problem using excess demand function, we get

max U(z + w)
Pz<0

We see that, in the two previous examples, the economic problems fall in the
same category as mentioned above.

IFrobenius’ theorem states that dw(p) = 0 in a neighbourhood of some point p if and only
if there is a function f such that w = f in the same neighbourhood.
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On the characterization of
arg max{U(z) | Px = 0}

Marwan Alogeili*

Abstract
In this paper, we use exterior differential calculus notations to get the condi-
tions that characterize the solution to the utility maximization problem subject
to the constraints Px = Ogrm where P is an m X n matrix.

Key Words: Direct utility, Indirect utility, Differential forms, Slutsky matrix.

1 Introduction

In this paper we focus our attention on the application of exterior differential
calculus tools to some optimization problems arising from economics. We will
use the notions of exterior differential calculus to ”characterize” the solutions
of two types of maximization problems: single constraint and multi-constraint
problems. These notions provide very efficient tools to solve such problems.
Hurwicz [5] and [9] was the first who applied differential geometric tools to
economics problems. Then Chiappori and Ekeland [6] and [7] used extensively
these notions to solve many problems in economics. We will see how efficient
are these tools. Moreover, they form an appropriate framework since the results
are invariant under a change of coordinates.

In connection with this article, Alogeili [1] and [2] solved the problem of charac-
terizing the solution of multi-constraint problems in which the constraints take
the form Pz = y, where P is an m x n matrix and x is a vector in R}, rep-
resents a commodity bundle and y € R, represents income in many states of
nature.

In this article, the constraints have the form Pz = Ogrm. Such problems arise in
general equilibrium theory and more precisely in the theory of excess demand
functions and their characterization.

We will not treat the characterization problem in its general form. In particular,
we don’t address the problem of of weather a certain excess demand function

*Department of Mathematics, Birzeit University, P.O. Box 14 Birzeit, Palestine
maloqeili@birzeit.edu.
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