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NEW PROOFS OF FRACTIONAL DERIVATIVES
OF THE EXPONENTIAL AND TRIGNOMETRIC FUNCTIONS Ibrahim M. Alghrouz

And,
cos'” (x) —isin‘® (x) = (=i)“ e
Hence we obtain,
i%e™ 4 (—i)%e™
2

ea(m/Z)etx +ea(—1ﬂ/2)e—tx

- 2

cos @ (x) =

Using the fact that:

™% = cos(w/2)+isin(7/2) =i

We have:
cos (x) = (cos(rar/2) +isin(rar/ 2))e™ + (cos(mar/2) —isin(wa/ 2))e
2
= cos(ﬂa/Z)w + sin(zar / 2) (e -e’)

i
. . ar
= cos(rar/2)cos x + sin(rer/ 2) sin x = cos(x + 2)

Similar argument gives:

sin‘®@ (x) = sin(x + 0{2”) m
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Thus,

1
(~a)!g() = —eafe™" t*" dt
0

+(1+ ] + 1 + ! +J
l-a Q2-a)l-a) (@G-o0)R-a)(l-a)

Using Lemma 3, we get:
(-a)lg() = (-a)le

But, (—a)!g(l) = h(l) = ce = (-a)!e which implies that: ¢ = (-)!.

Now, suppose that: a <-1. Let k be any integer smaller thana +1, then o -k = -1 and
using the equality:

a* d’f d*r
o——(f()=—7(f(x),
dx®  dx’ ! dx**? !
To obtain:
d(le)( da—k dk da—k
a - Jak T k¢ T o€ =€
dx dx dx dx
()
Thus for any,d ER, W(e )=e . [

Using theorems 1 and 2, the following theorem is obtained:

Theorem 3:
(a)

A |_ qa Ax
For any, aER,W(e )—ﬂe .

Corollary 1:

The fractional derivatives of order & of the functions sin x and cosx are given by
. . ar lo7/4
sin‘® (x) = sm(x + 2), cos'(x) = cos(x + 2}

Proof:

Using the identity cosx +isin x = ¢" and according to Theorem 3:

cos'® (x) +isin‘® (x) = i%e™
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Multiplying g(x) by (-a)! we get:

™" ()l
(2-a)!  (-l-a)!
()™ | (—a)'x"™* .\ (—a)! x>
(-a)! (I-a)  (2-a)

(~a)g(x) =+

and using the identity:
(x+nm)!=(x+n)(x+n-1)---(x+1x!

For any x and positive integer n, the following equivalent equality is obtained:

l-a

o(a+1)-x"a

(~a)!g(x) = =x"“a(a+1)(a+2)+x

l-a 2-a 3-a
—a X X X

+X + + +-e-
l-a Q2-a)(-a) @G-a)2-a)(l-a)

Now, let h(x) denote the right side of the previous equality, clearly it satisfies

h'(x)=h(x), then h(x)=ce*, where ¢ is constant. Hence it is sufficient to prove
that: ¢ = (—a)!. Now, let x =1 then:

(~a)lg)=(—a(a+)a+2)+a(@+1)-a)

( 1 1 1 j
+| 1+ + + +ee
l-a Q-a)(l-a) G-a)-a)(l-a)

Two cases are considered as follows:

Case I: Leta > -1, then the series is convergent for any a¢{1,2,3,- . -},

1 1 1
1+ + + +e
l-a Q2-a)(l-a) G-a)2-a)(l-a)

Upon using Lemma 1, an equality of the form is obtained:

1
—a+a(@+)-a(a+D)(a+2)+ - =k()=—ea et \dt
0
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1
(~a)!= e"l[ ! + ! +---j+(—aje"“’t“’ldtj+e'l
l-a Q2-a)(l-a) 0

Thus,

1
(—a)!e+ae_[e‘”’ dr =1+ ! + 1 doee
0 l-a (I-a)2-a)

Hence,

1
(~a)l=-afe 1" dt+e™ |1+ L ! 4o m
0 l-aa 2-a)(-a)

Theorem 2:

()
For any  €ER, 7(ex)= e*.
dx'®
Proof:

It is sufficient to prove the theorem for a&Z , because for ¢ €Z, the theorem is
obvious. So, assume that a & Z .

Using the expansion

Lorm £ 0 2
e = Z - =04 + +— 4 — -
ieeo 1! 2! - o 1 2
Applying Definition 1,we have:
(a) 40 i-a
d (ex )= by
dx'® i (i—a)!
x—Z—a x—l—a x—a xl—a x2—a

-+ + + + + o
(2-a) (-l-a) (o)) (I-a)! Q-a)!

and hence the theorem can be proved if the following identity is proved:

x—2—a x—l—a x—a xl—a xZ—a .

ot + + + + o=
(2-a)! (-l1-a)! (-a)! (1-a)! (2-a)

Let

x—Z—a x—l—a x—a xl—a x2—a

-l o d-a) 2-an

g0 =+
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Proof:
Using the definition of Gamma function, we have

+00 1 +00
(-a)\=T(-a+)= [e" 1™ dt=[e” 1™ di+ [t dt
0 0 1

For the first integral Lemma 2 implies

1
fer 17 dt=e‘1( L, ! + ! +J (1)
0 l-a Q-a)l-a) G-a)2-a(l-a)

For the second integral, using repeated integration by parts we have:

Te‘t ™ dr=e (1—a+a(a+1)—---+(—1)”"la(a+1)---(a+n—1))
1

s alarD(atn) [ -5 dr )
1

a+n+l
t

But,

1 0
fe" e dt = et dt 3)
0 1

Since a +1>0 when a > -1, then:

1 )
J‘e—l/t ta—l dt = j‘e—tt—(aﬂ)dt
0 1

—e(l-(@+D+(@+D(@+2) -
+(=D"Na+)(a+2)---(a+n-1)

-t

+(—1)n(a+l)(a+2)...(a+n)+feidt
1

a+n+l
t

Therefore,

| o
(— ae_[e"“’ ot dtJ +l=¢ J'e"tt"“dt

0 1

Now, from (1),(2) and (3) we have:
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Proof:
Since 1 %e” =z( 1) , then
1 1 n—a
(1) fe? 1™ dr=| z( "
0 0\ n=0
+oo (_ 1\ 1 +0 (_ 1\
=z( 1) J‘tn—(ldt=z( 1) 1
a0 nl g = n! n-a+l
ie.
1
2) fe7't™dt = L rrrro
0 l-a 12-a 2!3-a 3l4-«a

A proof of the following identity was reported in p.238 of Ref. [4]:

1 1 e (1 1 1 1 1 1 1
(3) + o= —— + — - 4.
T(x+1) T(x+2) Tolx Ux+l 20x+2 3lx+3

Substituting x = 1 — &, equation (3) becomes:

1 1 e 1 1 1 1 1 1 1
(4) + Fooe = — + — — TN
I'-a) TQ@B-a) ri-o)\l-a 12-a 23-a 3l4-«a

From (2) and (4), we have:
I'l-a) . I'l-a)
I'C-a) I'G-a)

1
4= eje"t'“dt
0

Thus,

! 1 1 1
J"tt"“dt=e'1( + + +---].I
0 l-aa Q-a)(-a) G-a)2-a(l-a)

Lemma 3:

For any a >0,

1
(~a)l=—afe™ 1" ar
0

+e’l[1+ ! + ! + ! +J
l-a Q2-a)l-a) (G-a)-a)(l-a)
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In this paper it is proved that the fractional derivatives of order o, &R, of the

exponential function e” is the exponential function e*. This is done using the following
lemmas:

Lemma 1

For any a > -1, if

k(x) = —ox™ + a(a + DX —a(a+1)(a+2)x +---
then
1
k(D) =-eafe™ 1" dt.
0
Proof:

The function k satisfies the following differential equation

K'(x) = —a(l+a)x® +a(a+D(a+2)x' "% —a(a+ ) (a +2)(a +3)x>* % +...
l+a
_ _k(x)+;xx _ _k(;c) _ e
X X
i.e.
’ 1 a-1
Y4 gy=-ext y=k(x)

Also, k(0) =0 because o > -1 .Hence the solution of this differential equation is the
following function:
k(x)=-ae [e" 17" dt
0
So

1
k(D) =-eafe™ t“ " dt. n
0

Lemma 2:

Forany a > -1,

! 1 1 1
J.e_t t_a d[=e_]( + + +J
0 l-a Q-a)(l-a) @G-a)R2-a(l-a)
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In [2], it is proved that, by using the definition as in Equation (1.0),

a

¢ -a
PR TR
d° oy TOeD
dx® I'(n-a+1)

Also, in [1] the new definition to the fractional derivatives of the constant function and
the function x" gives the same results.

Theorem 1:

If g(x) = f(M), then g(a)(x) =A'{Zf<a)(/b€)

Proof:

It is sufficient to prove the theorem for a@&Z , because for ¢ EZ, the theorem is
obvious. So, assume that a £ Z .

o) n

Write f(x)= 3 anx—',then
n=-0o n:
o "
gx)=f(Ax)= X a, pr
Then
© /lnxn—a
(@ (o _
g ) ,,:Z_wa" (n-a)!
But
(a) _ o0 xn—a
frw= 2 a (n-a)!
So
@ ) s (M)n—a ) . An—axn—a
R il VL ey
1S 0, X pag@y
n=—o (n - O!)'
Therefore, g‘® (x) = A% £ (Ax). m
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INTRODUCTION AND DEFINITIONS

a
A fractional derivative 4" f@® is an extension of the familiar nth derivative
dt®

d"f(1 of the function f (). The most common definition for the fractional derivative of
dr"

order @ € R of the function f'is the “Riemann-Liouville integral”, see [2],[3],[5]:

dfO) AN (1.0)
dx® == (- a)J(x-r)“”t

where F(n) is the Euler’s Gamma Function.

For example, using equation (1.0), the (1/2)th derivatives of the functions f(x) = x and
g(x) = Jx can be evaluated as:
1/2 1/2
d 2x  and @ Jre f

X =
dxl/Z /” dx 1/2

In [1], a new definition of the fractional derivative of the function f of the ordere,
a € R is defined as:

If f(x):=>a x—‘ and define (-1)!=(-2)!=-.-==x00 then f can be written in the form
i=0 L

= X, S (1.1)

The fractional derivatives of order &, a €ER, of the function fis defined by:

i-a

X

= Za (1.2)
e -a)!
Notes:
1) Foreach x>0, x!=T'(x+1).
2) For each x, x—, =0 for i=—1,-2,---
i!
3) (—a)!= Ta+m , m-1<a=<m,mis anonnegative integer.

ala+)(a+2)---(a+m-1)

i-a

3) Foreachx =0, =0 if a is a non-integer number.

i-a)!
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oaile

@i s @™ L) D G ER 558 e Ayl i n Gl i ) Gl 13 Cangy
sl @il cla g amasi o3 IS 1] B 8D (oA Ay sl Cliidall (o pad s el A%
?3 AER 38 e sinx 5 cosx Ahbal &bl 8l

. cos'(x)=cos(x+ar/2) 5 sin®(x)=sin(x+az/2)
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Abstract

In this paper a new proof of the well known fact that the fractional derivative

of e*of order @ER is equal to A“e™ is given according to the mentioned definition
in [1]. Also, it is proved that sin‘® (x) = sin(x + az/2) and cos'® (x) = cos(x + ar/2).
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